The surface-plasmon resonance (SPR) effect in metals is highly sensitive to fluctuations in the optical properties of the interface and has been frequently employed in the Kretschmann configuration for optical sensing. The operating conditions required for using the SPR effect for probing nonabsorbing media under maximum sensitivity are derived analytically under the Lorentzian approximation. It is found that the film thickness that maximizes sensitivity occurs when the radiation damping of the oscillation is half the intrinsic damping. Numerical results are presented for the spectral dependence of the optimum thickness as well as of the SPR parameters of gold, copper, silver, and aluminum films, useful for the design of optical sensors for both gaseous and aqueous environments.
Introduction
The surface-plasmon resonance (SPR) phenomenon in thin metal films is highly sensitive to the optical and structural properties of the metal interface and has been employed by many researchers, in the basic Kretschmann, 1-3 grating, 4 -6 and optical fiber configurations, 7, 8 for the design of sensor devices directed to a wide range of applications. The task of designing these sensor devices requires a proper choice of an operating wavelength as well as the type and thickness of the metal film to allow for the optimization of the device sensitivity. In the visible range and near-infrared portions of the electromagnetic spectrum, the metals gold (Au), copper (Cu), silver (Ag), and aluminum (Al) exhibit the sharpest resonances relative to other metals and are best suited for use in sensor devices, with Au being the preferred choice among researchers because of its high chemical stability upon exposure to the atmosphere. On the other hand, this metal does not exhibit SPR for wavelengths smaller than 0.5 m and other metals, such as Ag and Al, should be considered for applications requiring operating wavelengths within this spectral region.
In view of the technological potential associated with the SPR phenomenon for the development of sensors and other optical devices, it would be important to determine major features of the effect for the most suitable metals over a broad spectral range. Information related to design parameters, particularly those related to sensor devices, have been studied by a number of authors for the sensing of absorbing 9, 10 and nonabsorbing media. 11, 12 The works of Kolomenskii et al. 9 and Wang et al. 10 report systematic studies of the thickness's influence on the sensitivity of the SPR effect for probing absorbing media and absorbing layers, respectively. Kolomenskii et al. 9 analytically determine the optimum metal film thickness for maximum sensitivity of the SPR effect assuming that the minimum reflectance of the resonance curve is the most suitable parameter for carrying out the measurement. In this analysis, the authors neglect the influence of refractive index changes on the resonance angle, an effect that is important when the source wavelength is tuned within the probed medium absorption line, as would be the case in their experiments. On the other hand, for applications directed to the sensing of nonabsorbing media, 11, 12 studies of the influence of metal film thickness on the device sensitivity are discussed semiquantitatively with no systematic analysis of the problem.
Considering that most of the sensor applications employ the Kretschmann configuration, 1 it is the main purpose of the work reported herein to analyze the optimum conditions under which the SPR effect in thin metal films exhibits maximum sensitivity to changes in the optical parameters of the medium in close con-tact with the metal surface. From this analysis, optimum thickness and design parameters can be obtained. Given the lack of systematic studies regarding optimization of the SPR effect for probing nonabsorbing media, the analysis presented in this paper focuses on the problem of thickness optimization assuming a transparent medium in contact with the metal surface. An example is given for the calculation of the spectral dependence of the optimum thickness and SPR parameters for bare Au, Cu, Ag, and Al in the Kretschmann configuration, suitable for designing sensors directed to applications in both gaseous and aqueous nonabsorbing media.
Optical Properties of the Metals Au, Cu, Ag, and Al
The desirable optical properties of metals for the observation of surface plasmons (SPs) with well-defined characteristics can be inferred, to a first approximation, from their dispersion relation for the case of a single interface between two semi-infinite media, one of which being the metal and the other a transparent material. Figure 1 illustrates qualitatively the transversal distribution of the power density associated with a SP propagating along the interface. The electric field associated with the oscillation is perpendicular to the interface. The relative permittivities of the metal and transparent material are represented, respectively, by the parameters 2 ϭ 2 Ј ϩ j 2 Љ and 3 , the latter being a real number. Below the plasma frequency, 2 Ј Ͻ 0 (Ref. 13 ) and intrinsic losses within the metal due to electron collision events lead to the condition 2 Љ Ͻ 0. 13 For small losses such that Љ͞Ј Ͻ Ͻ 1, confinement of the oscillation to the interface requires the condition
to be satisfied. 1 The SP complex wave-vector component parallel to the interface can be written in the form 14
and is given by
with the real and imaginary parts representing the propagation and damping constants of the oscillation, respectively, the latter being a negative parameter. In the small loss regime, a first-order approximation for the real and imaginary parts of the SP wave vector leads to
with k 0 ϭ 2͞ at the operating wavelength .
SPs with well-defined characteristics would be those capable of sustaining a large number of spatial oscillations along the propagation direction before being completely damped by losses within the metal. This requirement can be put into the form |K 0 Љ|͞K 0 Ј Ͻ Ͻ 1, or equivalently, from Eqs. (3) and (4), into the more stringent low-loss regime condition Figure 2 illustrates the spectral dependence of the real and imaginary parts of the relative permittivities of Au, Cu, Ag, and Al. The data represented in those plots were obtained by a number of investigators by use of distinct measurement techniques and are tabulated, along with data for other metals, in Ref. 15 . An examination of the curves shown in Figs. 2(a) and 2(b) indicates that Au and Cu have similar features, with Cu having a higher absolute value of the imaginary part of the relative permittivity, and in principle, SPs excited in the latter metal are expected to exhibit higher damping due to intrinsic losses. By examining all plots and by applying the requirement given in inequality (1) for bare metals exposed to air or vacuum, such that 3 ϭ 1 and thus 2 Ͻ Ϫ1, SPs with small damping constants, as defined by inequality (5), would be observable for the following approximate ranges: Ͼ 0.5 m for Au, Ͼ 0.55 m for Cu, Ͼ 0.4 m for Ag, and Ͼ 0.2 m for Al. According to these data, Al would be the only suitable metal for observation of the effect in the near-UV portion of the electromagnetic spectrum.
Surface-Plasmon Resonance Parameter Optimization for Optical Sensing

A. Lorentzian Approximation for the Reflectance
The Kretschmann configuration, 1 illustrated in Fig.  3 , is frequently employed in the development of sen- sor devices based on the SPR effect. It comprises a coupling prism having one face in optical contact with a metallized glass slide. The inner surface of that face is illuminated with plane-polarized monochromatic light, as depicted in Fig. 3 . For incidence angles larger than the critical angle for total internal reflection, the angular dependence of the reflectance of the metallized surface reveals the existence of a resonant absorption, the so-called SPR effect, produced by the coupling of the input beam with SP oscillations bound to the outer metal surface. Fluctuations in the optical properties of the medium in close contact with the metal surface alter the SPR absorption characteristics, and this is the basic effect exploited in the design of a sensor device.
The optical intensity internal reflectance of the metal-coated surface, illustrated in Fig. 3 , can be determined by use of the Fresnel formulation for the single-layer system comprising two interfaces separating media 1, 2, and 3, with relative permittivities 1 , 2 , and 3 , respectively, with medium 2 representing the metal film of thickness d, as shown in the inset of Fig. 3 . For that geometry, the reflectance is given by 14
with the single reflection Fresnel coefficient at the ith interface, for p-polarized light, given by 14
with i ϭ 1, 2, where
The basic properties of the SPR effect can be inferred by analyzing Eq. (6) near the resonance condition and within the small loss regime defined by inequality (5) . Under these conditions and using the results obtained in Ref. 14, Eq. (6) can be approximated to the form with
In expression (9), KЈ and KЉ represent, respectively, the real and imaginary parts of the SP wave vector in the Kretschmann configuration of Fig. 3 , and R min is the minimum reflectance that occurs for k x ϭ KЈ. For a given metal complex permittivity, the parameters KЈ, R min , and KЉ are dependent on the metal film thickness d and on the permittivities 2 and 3 . Figure 4 illustrates the behavior of the reflectance function given by expression (9) , with the average reflectance
occurring for k x ϭ KЈ Ϯ |KЉ|, and thus |KЉ| defines the half-width at half-maximum (HWHM) of the resonance curve. The angular dependence of the reflectance function, indicated in Fig. 4 , can be obtained from expression (9) with the help of Eq. (10). The resonance angle SP can be determined from the condition
From Eq. (12), in the low-loss approximation such that |KЉ| Ͻ Ͻ KЈ, or equivalently w SP Ͻ Ͻ SP , with w SP representing the angular HWHM, one can approximate
Inserting Eqs. (10)- (12) and expression (13) into expression (9) and using the approximation
which is valid as long as w SP Ͻ Ͻ SP .
In practice, the Lorentzian form predicted by expression (9) represents the general behavior of the reflectance for k x Յ KЈ reasonably well, but the reflectance curve as a whole is not exactly symmetric around the resonance minimum position, as depicted in Fig. 4 . For k x Ͼ KЈ, the reflectance tends to increase less rapidly than predicted by expression (9) because absorption on the metal is larger for higher incidence angles, given that a larger path length is effectively probed by the light beam undergoing reflection.
B. Experimental Conditions for Maximum Sensitivity
Expression (14) allows us to determine the experimental conditions for achieving the maximum sensitivity of a sensor device in the Kretschmann configuration. Assume one is interested in designing a sensor device to detect changes in the relative permittivity of medium 3, shown in Fig. 3 . The objective is to determine, for small changes of the relative permittivity of the outer medium, the angle where the maximum change of the reflectance occurs. To simplify the analysis, expression (14) is rewritten in the form
The change in reflectance due to small changes in the relative permittivity of medium 3 can be written as
with a ϵ ѨR͞Ѩu, b ϵ ѨR͞Ѩw SP , and c ϵ ѨR͞ѨR min . These parameters are calculated directly from Eq. (15a), yielding the results a ϭ
The parameter that can be set by direct experimental adjustment is the incidence angle, contained in the variable u, according to Eq. (15b). Thus the values of u that maximize a, b, and c are to be determined. From Eq. (16d), one notes that the maximum value of c occurs at u ϭ 0, i.e., c max ϭ 1.
The extreme values of a occur for Ѩa͞Ѩu ϭ 0. From Eq. (16b),
and thus Ѩa͞Ѩu ϭ 0 for u ϭ Ϯw r , where w r is the reduced half-width defined by
Inserting Eq. (18) into Eq. (16b) yields the extreme values of a,
The extreme values of b occur for Ѩb͞Ѩu ϭ 0. From Eq. (16c),
From Eq. (20), Ѩb͞Ѩu ϭ 0 for u ϭ 0, and u ϭ Ϯw SP . Excluding the case u ϭ 0, in which b͑u ϭ 0͒ ϭ 0, one obtains
or equivalently, by use of Eq. (18),
A direct comparison of Eqs. (19) and (21) shows that |b Ϯ | Ϸ |a Ϯ |. On the other hand, as in most of the practical cases for sensor development, w SP Ͻ Ͻ 1
Given that, in the small signal approximation, and for the sensing of a nonabsorbing medium, the minimum reflectance R min is rather insensitive to the medium permittivity, conditions given by inequalities (22) and (23) allow Eq. (16a) to be approximated to
In the low-loss regime for which|KЉ| Ͻ Ͻ KЈ, as shown in Appendix A,
In addition, since |b Ϯ | Ϸ |a Ϯ |, it is only necessary to consider the first term of expression (24) to obtain the maximum value of Eq. (24). Moreover, considering that in practice the reflectance increases less rapidly with the incidence angle for higher values of this parameter, as discussed earlier, one has the practical inequality
Therefore under these conditions, the extreme value of the sensitivity can be obtained by neglecting the second term in the right-hand side of expression (24), leading to
or alternatively, by use of Eqs. (15b) and (19) ,
with
representing the maximum absolute slope of the resonance curve. A good estimate for the last term in expression (27) can be made by employing the approximate expression for SP , given by Eq. (3), which assumes the lowloss regime given by inequality (5) and neglects the small influence of the metal film thickness d on the parameter SP , the latter being a generally valid assumption in practice. 14 
Inserting the previous relation into Eq. (A9) of Appendix A, and using Eq. (A2) yields
From expression (29), one can note that for a given prism refractive index, and for small changes of the relative permittivity 3 , differential changes in the resonance angle are basically set by its initial value. This value is rather insensitive to the film thickness. 14 Thus for a given set of material parameters, the sensitivity can be adjusted experimentally by setting the incidence angle at the inflection point, which occurs one reduced half-width below the resonance minimum position. What has to be addressed now is the following: for a given choice of materials and after optimization of the experimental conditions for sensor operation, what is the metal film thickness that maximizes the device sensitivity?
A direct examination of Eq. (28) could lead to a direct conclusion that the metal film thickness should be chosen so that R min ϭ 0, given that this value would, in principle, maximize the numerator of Eq. (28). This is in fact a common assumption among researchers in the field, 9 -12 including this author in previous investigations of the SPR effect for sensor development. This is not the correct answer, however, because both R min and w r in Eq. (28) are dependent on the film thickness, and thus a more elaborate analysis has to be carried out for a more precise answer, as described in the following subsection.
C. Metal Film Thickness Optimization
To determine the metal thickness that maximizes device sensitivity, the dependences of the SP damping constant and of the minimum reflectance on that parameter have to be considered. As shown in Ref. 14, within the Lorentzian approximation, the damping constant KЉ can be cast into the form
with K 0 Љ the imaginary part of Eq. (2b), representing the intrinsic damping of the SP oscillation due to absorption within the metal and K 1 Љ representing the additional radiation damping due to the finite metal film thickness. The latter is given by 14
Within the resonance approximation, the minimum reflectance can be expressed in the form 14
representing the coupling coefficient. For ϭ 1, Eq. (34) yields R min ϭ 0, and thus a zero reflectance on resonance occurs for a thickness value d 0 such that the radiation damping just equals the intrinsic damping. This is the critical coupling condition. Inserting expression (13) and Eq. (35) into Eq. (30) allows us to express the angular half-width w SP in the form 
with w r0 ϭ w 0 ͞ͱ3 representing the reduced half-width at critical coupling. The function R max Ј͑͒ defined by Eq. (38) has a maximum for ϭ 2, i.e., at the condition that the radiation damping is half the intrinsic damping. Under this condition, Eqs. (34), (36), and (38) yield, respectively,
Thus maximum device sensitivity requires choosing a film thickness d such that ϭ 2. For this choice, the minimum reflectance is 1͞9 and the reduced halfwidth is 3͞4 of that for critical coupling. With this choice, the device reaches a sensitivity that is approximately 20% higher than that for critical coupling.
Optimum Thickness Calculation for the Surface-Plasmon Resonance Effect in Au, Cu, Ag, and Al
A MATHCAD code was developed to determine the wavelength dependence of the optimum thickness for the maximum sensitivity of the SPR effect at the point of maximum slope of the resonance curve, according to the criteria described in Subsection 3.C. Along with the optimum thickness, the spectral dependences of the resonance angle as well as of the reduced halfwidth were also calculated. The numerical procedure was applied to generate design parameters of SPRbased sensors for operation in both gaseous ͑ 3 Ϸ 1͒ and aqueous solution ͑ 3 Ϸ 1.33 2 ͒ environments for three distinct research-grade glass materials used for prism fabrication in the industry, namely, silica, BK7, and SF2, and for the metals Au, Ag, Al, and Cu, in turn, corresponding to the determination of 72 wavelength functions, from the UV to the near infrared. In this paper, example spectral curves for the BK7 glass material are reported because this material is frequently used in SPR sensor systems in the Kretschmann configuration. The spectral dependences of the refractive indices of these materials can be approximated to the general form 16
, (42) with the parameters A i and B i ͑i ϭ 1, 2, 3͒ given in Table 1 for the three glass types considered in this paper for expressed in micrometers. 16, 17 The spectral dependence of the refractive index of pure water, represented by a wavelength expansion at 300 K was obtained from the literature. 18 The input data for the MATHCAD procedure are four files containing the photon energy dependence of the refractive index and extinction coefficient of the metals considered in the simulation, obtained from the literature. 15 The data are read and converted to their corresponding relative permittivity parameters, which are, in turn, represented by continuous curves by means of the built-in cubic spline fit procedure within MATHCAD. Optimum thickness determination is carried out with the help of the reflectance function given by Eq. (6) and four major iterative procedures, summarized next.
A. Procedure for the Determination of the Minimum Simulation Wavelength
There is a minimum wavelength below which the SPR effect cannot be observed for a given doubleinterface system. Therefore a minimum simulation wavelength has to be determined for each data file. In the procedure, this lower limit is established under the single-interface approximation by imposing (i) a negative value of 2 Ј, (ii) the condition 2 Ј ϩ 3 Ͻ 0 to be satisfied, and (iii) a real value for the parameter SP from Eq. (12) . An additional constraint used in the program is the condition | 2 Ј| Ͼ 1.5| 2 Љ| to be satisfied, a condition that sets a medium-to-smallloss regime, under which constraints (i)-(iii) would be approximately valid. Hence the minimum simulation wavelength is determined iteratively, using the smallest data wavelength of a given metal as a starting value and increasing this value in increments of 0.02 m until all criteria defined above are satisfied.
B. Procedure for Resonance Angle Determination
All other procedures in the code require the determination of the resonance angle for a given doubleinterface structure at a given wavelength and thickness. The resolution of the procedure is set as 1͞1000 of the single-interface resonance half-width. The procedure starts with the single-interface approximation for the resonance angle, given by Eq. (12) , with the help of Eq. (3). The reflectance slope is calculated at this value, and the angle is incremented or decremented if the slope is negative or positive, respectively. The procedure ends when the slope reaches a minimum within the preset resolution.
C. Procedure for the Determination of the Critical Coupling Thickness
The critical coupling procedure comprises determining all thickness values at which the respective minimum reflectances are as close to zero as possible, within the spectral range starting at the value obtained from the minimum wavelength procedure. The thickness precision in this procedure is preset to 0.1 nm. The first step in the procedure is the determination of the critical coupling thickness at the minimum wavelength. This is done by use of the Lorentzian approximation for the critical coupling thickness as obtained from the condition
with K 0 Љ and K 1 Љ given by Eqs. (4) and (31), respectively. Using the latter in Eq. (43) yields the initial guess for the critical coupling thickness,
with A and ␣ given by Eqs. (32) and (33), respectively. The iterative procedure runs by incrementing or decrementing the thickness so that a decrease of the reflectance value on resonance is produced. Once the iteration is finished for the minimum wavelength, the wavelength is incremented by 0.02 m, and the critical coupling thickness at the previous wavelength is used as an initial guess to determine the new thickness. The entire procedure generates, as a result, a three-column matrix containing the wavelength, resonance angle, and critical coupling thickness d 0 for a given double-interface configuration.
D. Procedure for the Determination of the Optimum Thickness
A good initial guess is required to avoid a lack of convergence in this procedure and because of this, it is important to base the initial guess calculation on the exact critical coupling thickness, rather than on the value obtained within the Lorentzian approximation. This is the main reason why the critical coupling thickness procedure had to be implemented within MATHCAD.
The initial guess in this procedure is set as the thickness value that yields the condition ϭ 2. Given the fact that K 0 Љ is independent of the thickness, from Eq. (35), one sees that the radiation damping constant for ϭ 2 is half of that at critical coupling. Under these conditions, Eq. (31) yields
and therefore,
with d opt,guess representing the initial guess within the procedure, ␣ given by Eq. (33), and d 0 representing the exact thickness value obtained within the critical coupling procedure. The exact value of the optimum thickness d opt is obtained iteratively with a precision of 0.1 nm by first changing the incidence angle below the resonance value until the maximum slope is reached. Starting at the initial guess given by Eq. (45), the thickness is increased or decreased so as to produce a larger value of the maximum slope. The procedure stops when the maximum slope tends to decrease for an additional change of thickness, within the 0.1 nm resolution of the procedure.
The end product of this procedure is a four-column matrix comprising, from the first through the fourth columns, respectively, the wavelengths, the optimum thickness values d opt , the corresponding resonance angles, and the reduced half-widths.
The MATHCAD code was run for the four metals considered in this paper and for three distinct glass types, namely, silica, BK7, and SF2, considering vacuum and pure water as the outer medium. The program output yielded 24 files, each containing 3 wavelength-dependent data sets, namely, the optimum thickness, the resonance angle, and the reduced half-width, thus yielding a total of 72 different data sets. Each file took approximately 2 min to be calculated with MATHCAD 2001, using a Pentium IV, 1.60 GHz, thus yielding a total running time of 48 min.
E. Results for BK7
An example of optimum design parameters is made in the present work for the case of a coupling prism made of BK7 glass, which is a frequently used material in SPR-based sensors using the Kretschmann configuration. Figure 5 displays the spectral dependences of the optimum thickness for Au, Ag, Cu, and Al in the spectral range from 0.4 to 1.0 m. One important note from this plot is that optimum thickness values vary as a function of the probing medium. As can be seen from the plot optimum thicknesses vary approximately from 50 to 70 nm for Au, from 37 to 48 nm for Ag, from 45 to 55 nm for Cu, and from 10 to 21 nm for Al. It is interesting to note a vertical shift in the Al curves when the outer medium is changed from vacuum to pure water over the entire spectrum. For the other metals, there is always a crossing point at which the thickness change due to the outer medium is reversed. Figure 6 shows the spectral dependences of the resonance angle at the optimum thickness. This figure essentially represents the dispersion relation of surface plasmons in the Kretschmann configuration for the ϭ 2 coupling condition. This plot is useful in conjunction with that shown in Fig. 7 (a) or 7(b) for setting the incidence angle at the point of maximum sensitivity of the resonance curve. Figure 7 (a) exhibits the spectral dependences of the reduced halfwidth, the inverse of which is a direct measure of the SPR sensor sensitivity. Figure 7 (b) is a more detailed view of the small values of this parameter observed in the near-infrared region for Au for both vacuum and pure water and Ag and Cu in vacuum. It is worth noting the extremely small value observed for Au of w r ϭ 0.02°and 0.075°in vacuum and pure water, respectively. These numbers indicate that Au is the metal with the highest potential sensitivity among all other metals for the design of SPR sensors and that the spectral region close to ϭ 1 m is the most suitable for the design of highly sensitive sensors. In fact, a direct examination of the Au curve in vacuum indicates that the sensitivity at ϭ 1 m is approximately ten times that at the HeNe wavelength of 0.633 m. 
Conclusions
The results shown in the present paper have indicated that for probing nonabsorbing media, the thickness that maximizes sensitivity for a SPR device in the Kretschmann configuration occurs, within the Lorentzian approximation, when the radiation damping is approximately half the intrinsic damping of the surface-plasmon oscillation excited on the metal surface. Exact values for the thickness were obtained numerically for Au, Ag, Al, and Cu films, both bare and water exposed, and example curves were reported for the case of BK7 glass as the coupling prism material. The same principle can be extended for the Otto configuration in which a metal surface is placed at a certain distance from the coupling prism face. 19 In this case, the optimum spacing would be close to that in which the radiation damping falls to approximately half the intrinsic damping. It is also likely that the same principle would be applicable for grating sensors, i.e., maximum sensitivity would be obtained for a grating periodicity such that the radiation damping is approximately half the intrinsic damping. The approximated model developed in this paper also served to indicate that the maximum sensitivity at the optimum thickness is approximately 20% higher than that obtained for the critical coupling thickness.
From the example curves generated for the case of BK7 glass, it was shown that Au is the most suited metal for the development of SPR-based sensors and that the highest sensitivity is reached in the spectral region near ϭ 1 m. For example, in vacuum, a tenfold enhancement in sensitivity is obtained just by changing the operating wavelength from 0.633 to 1 m. The interesting aspect of designing Au film SPR sensors operating near ϭ 1 m is the ability to attain very small SPR half-widths. In fact, the entire resonance effect that spreads over approximately 2 ϫ 0.02 ϭ 0.04°ϭ 0.7 mrad for BK7 at ϭ 1 m can be fit within a collimated laser beam that has a typical divergence of 1 mrad. As many sensor designs employ lens focusing systems to image the entire resonance effect, the design in the near infrared would be greatly simplified because no focusing lens system would be required.
